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Unconventional decay law for excited states in closed many-body systems
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We study the time evolution of an initially excited many-body state in a finite system of interacting Fermi
particles in the situation when the interaction gives rise to the “chaotic” structure of compound states. This
situation is generic for highly excited many-particle states in quantum systems such as heavy nuclei, complex
atoms, quantum dots, spin systems, and quantum computers. For a strong interaction the leading term for the
return probabilityW(t) has the fornW(t):exp(—Aétz) with Aé as the variance of the strength function. The
conventional exponential linear dependeNeé) = C exp(—1I't) formally arises for a very larger time. How-
ever, the prefacto€ turns out to be exponentially large, thus resulting in a strong difference from the con-
ventional estimate fow(t).
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It is known that highly excited states can be treated as " ; .
“chaotic” ones in many-body systems, such as complex at- |k>:2f Cif);  If)=as ---a; |0). D
oms[1], multicharged iong$2], nuclei[3] and spin systems
[4,5], quantum computer mode6, 7). This happens due to a Here|0) is the ground state, is the creation operator, and

very high density of many-particle states that strongly in—C(k) are components of an exact eigenstate in the unper-
creases with an increase of energy. For example, in the Ca?&frbe d basis

OT n fe”T“ partlcle_s occupying the finite numberof “or- In application to quantum computer models the Hamil-
bitals™ (single-particle state)sthe total ”“”_‘beN Of_ many- tonianH, describes a number of noninteractigabits (two-
body states grows exponentially fast with an increase ifjo,o| systemps and V stands for the interqubit interaction
number of particlesN=m!/n!(m—n)!~expCen). Corre-  neaded for a quantum computatiofve assume time-
spondingly, the density; of those many-body states that are independen). In this case the basis stafe is a product of
directly coupled by a two-body interaction, also grows VelYsingle-qubit statesag is the spin-raising operatofif the
fast. Therefore, even a relatively weak interaction bet""ee@round state/0) corresponds to spins downand chaotic
the particles can lead to a strong mixing between Unpergigenstate$k) are formed by the residual interactioh
turbed many-body stateSbasis states]. As a result, an ex-  Below we consider the time evolution of the system, as-
act (perturbed eigenstate is represented by a chaotic supersyming that initially (=0) the system is in a specific basis
position of a large number of components of basis statestate|i) (in the state with certain spins “up” for a quantum
[8,9]. computey. This state can be expressed as a sum over exact
The number of principal basis components in solchotic  eigenstates,
eigenstates can be estimatedNys~1'/D, wherel is the
spreading widttof a typical component that can be estimated L )
using the Fermi golden rule, al (E) is the total density |'>_2k Cilk), @
of many-body states. In the case of a quantum computer the
interval between multiqubit energy leveB>1/N is ex-  {herefore, the time-dependent wave function reads as
tremely small, and practically it is impossible to resolve
these levels. Moreover, both the temperature and finite time
of computer operations lead to an energy uncertaifffy P (t)=2>, cCc|fyexp —iEML). ()
>D. A similar situation occurs for an electron that enters a f
many-electron quantum dot. In these cases the analysis cre E® are the eigenvalues corresponding to the eigen-
stationary chaotic eigenstates is not an adequate to re tedk). Th . gt K h 5P " 9 db '9
physical problems and one needs to consider the time evol: 2 egk). 1€ sum IS taken over the eigens dtgsand basis
tion of wave functions. In this paper we extend the quantu tatesif) (in th"‘t foIIows,zwe _pu%z 1)2' ,
chaos approach to the problem of time evolution of an ini-, The pmbfib.'l'tywi:mi' =Ki[w ()l t(.) find the system
tially excited basis state. in the statdi) is determined by the amplitude
Exact many-body eigenstatg&) of the Hamiltonian
H=Hy+V of interacting Fermi particles can be expressed in Ai={ilexp—iHt)|i)= E |C_(k)|2 exp —iE®Y)
terms of simpleshell-model basis statd$) of Hy, ' K '
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Here we replaced the summation over a large number of In the case of a relatively smalbut nonperturbativein-
eigenstates by the integration over their enerdiese®,  teraction (when I';/<Ag<oy), the functionT'(E) is very
and introduced thestrength function(SPH P;(E) which is  broad(i.e. it does not change significantly within the energy
also known in the literature as thecal spectral density of intervals ~I' and Ag) and can be treated as a constant,
states I'(E)=T,. In the case of a strong interactioig=Ag, the
dependencé’(E) in Eq. (6) is the leading one.
P.(E)=|CW|2p(E). (5) The knowledge of the strength function allows one to de-
scribe the dynamics of wave packets in the energy space. It is
Herep(E) is the density of states of the total Hamiltonidn  easy to find the evolution diV;(t) on a small time scale. Let
and the average is performed over a number of states withs subtract the enerdy;=H;; of the initial state in the ex-
close energies. ponent and make a second order expansioB-E; in Eq.
In chaotic systems the strength functiBy(E) is known  (4). This leads to the following result:
to have the Breit-Wigner form for a relatively weak interac-
tion, and is close to the Gaussian for a strong interaction Ai=exp(—iEt)(1-Agt?/2) (10
[1,3]. Recently the following approximate general expression
has been analytically four[d.O]: and
— 242
o 1 I'(E) ) W, (t)=1—Agt~. (11
B=an (Ej+8,—E)2+T;(E)2/4’ ©

For a strong residual interactiod,;=Ag, the return

probabilty W(t) turns out to be a function ozt&ét2 for a
@) longer time[7]. Indeed, both the strength function and den-
sity of states in this limit are described by the Gaussian func-

. . . 2_ 2 . .
which is derived by making use of the approach described ifions With the variancer®=Ag (see details in Refq12-
Ref.[11]. Herel';(E) is some function of the total energs, 15)),

Ti(E)=2m| V| ?p+(E),

is the correction to the unperturbed energy ldwetlue to the (E—E.)?

residual interactioV;; , andp;(E) is the density of the basis P.(E)= exg — ————|, (12)
states|f) directly connected with a given state) by the 2o’ 207

matrix elements/;; . The above result has been derived for

the so-called two-body random interactig@BRI) model £ N [{ E? 13
[12] that describes interacting Fermi-particles distributed p(E) Wex 292) 13

over m orbitals, with the assumption that two-body matrix
elements are completely random.

It is shown[10] that for a large number of particles the
functionT';(E) has the Gaussian form

HereE;, is the center of the energy spectrum. Thus, &J.
results in the Gaussian time dependencegt) andW;(t),

Aj=exp(— A2t?/2), (14)

) (E—E—)?
Fi(E)zZMEWeX T ) (®) Wi () =exp( — A2t2). (15)

2 s th : f th . hich also h Now let us consider large times. In this limit the result can
Hereoy is the variance of the densipt(E) (which also has o gpained by evaluation of the integral in Ed) in the

the Gaussian formandE; + w; is the average energy of the omplexE plane. Specifically, one should close the contour
basis stateff) directly connected with a given stdi¢ (if i of integration in the bottom part of the complex plane
is at the center of the spectrum we have=0). The width | E<0), in order to provide a vanishing contribution at
Ag of the 2SF is determined through the second momentfinity. Then, the large time limit is given by the pole of the
Ag=Z¢Vj;, which for the TBRI model is found to §d.3]  gtrength functior(6), closest to the redt axis. IfI'; and s in
1 Eqg. (5 do not depend oI, the integration gives the con-
2 _\2n(n_ _ _ ventional exponential decay,=exp(-1't) [11]. However,
AE 4V0n(n D(m=n(m=n+3), © the energy dependence bfis necessary to provide the fi-

. ) . . . niteness of a second momekf of the strength function. If
with Vg standing for. the variance of the off-diagonal eIe-F<AE, the closest pole is given by=—2 Im E,, where
ments of a two-body interactiom\€ for a quantum computer E, is the solution of the equationE,=E;+ &(E,)

model is given in Ref|7]). —iI'(Ep)/2 with a minimal imaginary part. I <Ag, then

|f2 t2he mteractlon_ IS not very st_rong we havey we havel'~T'". As a result, we obtain an exponential depen-
~m<dg/3, whered, is the average distance between theyance for large

single-particle energy levelghis estimate is valid foro;

>Ag). Therefore, for m—n=n>1 we have I'/Ag W;(t)=Cexp —T), (16)
~Vgn/dg. This estimate may be compared with the criterium
of chaosVgp; 2~ Vo(m—n)n(n—1)/dg~Vomr?/dy>1. with some constant.
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(20)
where®(z) is the error function.
o1k i The return probabilityV(t) corresponding to the strength
function (18) is then defined by the integral

015 ] E? .
- ———IEt
N 20_2

ex
A(t)=Bf dE —— (21)
02 . ! ' —»
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FIG. 1. Schematic time dependena#t) for T=0.5,Ac=1.2;  The time dependencies &f(t) andW(t) for small time are
the dependenciV(t)=exp(—AZt?) changes intoN(t)=exp(-Tt) given by Egs.(14) and (15). If I'<g, the region of the ap-
at the pointt,=I",/AZ~0.17. plicability of these equations is very narrow. Indeed, in this

o _ _ _ caseAZ~oT' /27 and the conditioni<t,<I'/AZ~1/o re-
It is important to describ&Vi(t) for arbitrary timet. Let  gyjts in the relatiom2t?<1. The absolute value of the am-

us start from simple qualitative arguments. The transitiony|iiude A(t) in this case is given by the series in the param-
between the Gaussian regime and simple exponential dec@ye, (@)= (t/t,)?

should occur near the tinig~T'/A2 whereA2t2~T't,. This

gives the estimaté:~expa“2/2A§) for the constanC. In- 1 To

deed, fort<t, the quadratic exponential decay, exp(t?), |A(t)|=1— > \/?t2+ ﬂ\/?t” R (22)

is slower than the linear one, explt). The matching of m m

these two dependencies would naturally require the above g, large time{>t,= 1/o, the calculation of the integral

expression forC. Thus, the constan€ can be large ifl’ in Eq. (20) leads to

>Ag. The transition from one regime of the time depen-

dence ofW,(t) to another is schematically shown in Fig. 1. 1 T2
In Ref.[7] the simple extrapolation formula faW;(t) has W(t)wex;{ 7 Al -I't

been suggested E
I? r4
wi<t)=exp(—2— — + T2 m)(L*/A . : ; .
2A¢ 4AE tion in this case is close to the Lorentzian that gives a simple
dependenc&®V(t) =exp(—T').
which interpolategfor I'<<Ag) between the smalll1) and Another limit case of a large interactioh>Ag (or, the

large (16) time dependencies. _ same['>¢), is more delicate. In this case the strength func-
These qualitative results are supported by a more detaileghn, is close to the Gaussian withe~ o andt, is large,t.

consideration. Equationtb), (7), (8), and (12) provide Us /42> 1/s. The leading dependence Wi(t) in this case

with an approximate formula for the strength functioested g the GaussianW(t) ~exp(—AZt?). Only for a long time

by numerical calculationf16]) t>T/o? it becomes the simple exponential function

exp[— (E-Eo)” W(t) T od 25 (23)
~ exp ———TIt].
20° 18 8AZ | 4 AZ

(E—Eg)?+T2/4" o ,
It is important to note that even for a large time the return
which can be used, in conjunction with E4), to study the probability ~W(t) has large correction factor

time dependenc&V;(t). Strictly speaking, this formula is exgHI'%/(AE)?}], in addition to the standard decay law
valid near the center of the energy spectrum, otherwise ONgxp(—T).

for the return probability. Here the correction (1/
, (17) w)(F2/A§)~2F/a\/21-r is small. Indeed, the strength func-

P(E)=B

should take into account additional distortion effects. Due to a finite number of partic'eS, there are additional
Due to the normalization conditiong,P(E)dE=1 and  jmportant features in the dynamics of wave packets, namely,
[E?P(E)dE=AZ, we have the following relationi 6]: the damped oscillations and the break of the decay\t)
[17]. The number of basis component$ within the energy
1 r\|m= Ir2 shell |Eqg— E¢{|<min(",0)=A is finite. Therefore, the decay
g2 1-o U_\/g Te 852 (19 stops ifW, is close to the equilibrium value defined s,
EWi(t—m)%SN;Cl. Here N is the number of principal
and components in an eigenstate,.~A/D , whereD=p lis
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the mean energy interval between all many-body levels. Notshell. The dependend&/(t) for small time is determined by
that the value ofW,, is still at least three times larger than a ballistic spread of the packet and is given by the expression
W;= Ngcl for any other componerft W;(=)=W;,(«) (see, (11). For large time, the decregse Vf(t) is determined by
details in Ref[17]). the form qf the strength fu.nctloﬁ(E). We havg analyzed

The equilibrium occurs because the average decay flux i§1€ behavior ofV(t) by making use of the analytical expres-
equal to the average return flux. However, the return flux3ion for P(E), which is obtained for any strength of random
also leads to the damped oscillations Wf(t) and to the two-b_ody interaction between finite number of interacting
oscillations of a current number of the principal componentd €MMi particles. o
N,c(t). These oscillations arise because the decay flux “re- We have shown that for the Breit-Wigner form B{E)
flects” from the edges of the energy shell when all compo-(rélatively weak interactionthe decay ofw(t) on a large
nents within this shell are populated. Period of these oscillaliMe Scale has the conventional exponential dependence,
tions is abouin./A whereA is the inverse decay time, and W(t)=€xp(-T). On the other hand, for the Gaussian form
n. is the number of “classes” in the Hilbert space. This Of P(E) (strong interactionthe time dependend#/(t) turns
number can be defined as the number of interaction steps Pt {0 be of very specific. Namely, the leading tezrr? gives the
the perturbative chaidlo, H, .- -H, ., needed to popu- guadratic exponenthl dependen(W(t_)~exp(—AEt ),_ an_d

_ b2 KNe _only for a very large time the conventional exponential linear

late all basis states within the energy shell. For example, igjenendence formally recovers. However, in this case an ad-
the TBRI model with 6 particles and 12 orbitals, the numbergiiona) prefactoiC appears before the exponent, which turns
of steps isn.~3 since each two-body interacti¢fyc moves 4t 1o pe an exponentially large, thus resulting in a strong

two particles to new orbitals. , mortification of the standard exponential estimate\t).
In conclusion, we have studied generic features of the

return probabilityW(t) for a system to be found in an ini- This work was supported by the Australian Research
tially excited many-body state. Due to a two-body interactionCouncil. One of ugF.M.l.) gratefully acknowledges the sup-
between Fermi particles, the wave packet in the energy regport by CONACyYT (Mexico) Grant No. 34668-E. The au-
resentation spreads over all basis states within the energkiors are grateful to M. Yu. Kuchiev for valuable discussion.
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